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Outline

• telegraphic history of strong interactions;

• motivation for non-perturbative approaches;

• symmetries and their spontaneous breakdown;

• open problems in QCD;

• state of the art in the field;

• my contribution: QCD and Bogoliubov transformation;

• roadmap.
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A bit of history (in a single slide!)

The “grey” era:
• from the ’50: hadrons are known to appear in energy quasi-degenerate

subsets (resonances);
• 1961-62 (Ne’eman, Gell-Mann): they are components of multiplets, can be
“rotated” one into another under representations of SU(3)f (isospin global
symmetry); Eightfold Way;

• 1964 (Gell-Mann, Zweig): all hadrons are formed of 3 types (flavours: u, d , s;
then also c, b, t) of “quarks”, with fractional electric charge.

A world in colour:
• 1971 (Fritzsch, Gell-Mann): quarks carry another quantum number, colour →

symmetry under SU(3)c .
• 1972 (Fritzsch, Gell-Mann): SU(3)c is a gauge group → gluons.
• 1973 (Gross, Wilczek, Politzer): asymptotic freedom (at high energies, quarks

and gluons are free).
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Why non-perturbative?
Asymptotic freedom: high energy, coupling g small, perturbation theory fine.

Does asymptotic (UV) freedom imply “infrared slavery”?

Quarks and gluons have never been seen in isolation: Nature is confining!
=⇒ QCD is realistic if it does as well!

Two (non-equivalent!) definitions of confinement
• Colour confinement (screening): observable states are singlet in colour.
• Separation-of-charges confinement: at large enough separations, quarks are
subjected to an attractive potential growing linearly with the distance.

Non perturbative techniques in need! E.g.
• lattice regularization;
• vacuum structure: istantons, monopoles, center vortices...
• functional Renormalization Group;
• chiral symmetry breaking;
• ...
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Symmetries in QCD
QCD Lagrangian:

L =
∑

f =u,d,···

î
ψ̄f (iγµ∂µ −mf )ψf + g ψ̄f γ

µAµψf
ó
− 1

2 trc (FµνFµν)

• quarks kinetic term
• pure gluon action
• quark-gluon interaction, g coupling constant

Quark fields:
ψαf ,i f flavour, α spin (Dirac), i colour

In Dirac indices, ψ is a 4-component spinor. In chiral basis:

ψf ,i =
Å
ξL
ξR

ã
f ,i
, ξL, ξR two-spinors; γ5 = iγ0γ1γ2γ3 =

Å
I2 0
0 −I2

ã
Global continuous symmetries:

• relativistic invariance, baryon number conservation;
• if mu ' md (' ms), (approximate) flavour symmetry;
• if mu ' md (' ms) ' 0, (approximate) chiral symmetry.
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Confinement and breakdown of chiral symmetry

In the chiral limit mu ' md (' ms) ' 0, QCD action is invariant under

SU(Nf )L × SU(Nf )R , Nf = 2 (3)

But this symmetry is broken...

• explicitly, because mu 6= md 6= 0.
• by quantum anomalies (the axial part).
• spontaneously: the low energy spectrum is not symmetric!

Think of a ferromagnet: rotational symmetry in H = −J
∑
<i,j> ~µi · ~µj ,

but spontaneous magnetization at low T =⇒ preferential direction,
spin waves in the perpendicular plane.
In QCD, (magnetization) −→ (chiral condensate 〈ψ̄ψ〉),

(spin waves) −→ (pseudo-Goldstone bosons: pions).

Does confinement and chiral symmetry breaking occur in the same phase?
Is confinement possible in a symmetric world? We don’t know!
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What I (most likely) won’t do in my PhD

1 I won’t produce a rigorous proof of confinement in Yang-Mills theories.
This is a millennium problem, a million dollars worth.1

2 I won’t solve the sign problem:
in computing numerical expectation values of an operator Ô

〈Ô〉 =
∫ î
DψDψ̄DA

ó
O(ψ, ψ̄,A) e−SE [ψ,ψ̄,A]

Monte Carlo integration is used, using exp(−SE ) (Euclidean Action) as
statistical weight.
But when a chemical potential is added to test finite density QCD, SE is no
longer real, the exponential oscillates widely and MC does not converge!
It has been demonstrated (Troyer-Wiese, PRL (2005)) that, if one could do it for
real, then he would have shown that P=NP, and earned another million
dollars.2

1http://www.claymath.org/millennium-problems/yang–mills-and-mass-gap

2http://www.claymath.org/millennium-problems/p-vs-np-problem
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Moral: QCD is difficult! Is it also hopeless?
Other famous open problems in QCD:
• Strong CP and fine tuning.
• Gribov ambiguity (BRST? Unitarity?).
• Silver Blaze.
• ...

[Non-perturbative] QCD is a collection of 50 years standing open problems.
If Wilson could not solve them, it’s unlikely you can do it.

— anonymous supportive friend, 2018

True, but we know so little that it is actually an opportunity! Last few years:
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The state of the art: QCD phase diagram

T

µB

1st order phase transition
crossover∼ 170 MeV

critical point

hadron gas,
colour confinement,

χSSB

Quark-gluon plasma,
deconfinement,
χS unbroken

Color
superconductivity
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What I’m actually doing in my PhD - Composite d.o.f.

Historical approach to avoid tackling confinement (e.g. Gürsey, 1960): effective
models for composite degrees of freedom only (mesons, baryons, ...)

• sharing some symmetries with QCD;
• depending on parameters adjusted phenomenologically;
• usually non renormalizable, but with a range of expected validity included;
• producing little or no insight about connection with quarks and gluons.

Our (Caracciolo, Laliena, Palumbo, Viola and myself) approach:
• from cond-mat, well-understood systems whose observable behaviour is

dictated by composites: BCS theory of superconductivity and Cooper pairs;
• why not to generalize the formalism to relativistic QFT?

Cooper pairs ?←→ mesons, diquarks
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Bogoliubov transformations
Fermionic Fock space built acting with creation and annihilation operators:{

û†J , ûK
}

=
{
v̂†J , v̂K

}
= δJK ,

{
ûJ , ûK

}
=
{
v̂J , v̂K

}
= · · · = 0

with J , K multi-indices: internal (colour, flavour), Dirac and spatial.

Vacuum state: |0〉 =
⊗

K |0〉K ûK |0〉K = 0, v̂K |0〉K = 0

But, the corresponding particles are not in the spectrum (confinement!).

Quasiparticle operators
âJ = R1/2

JK

Ä
ûK −F†KI v̂

†
I

ä
â†J =

Ä
û†K − v̂IFIK

ä
R1/2

KJ

b̂J =
Ä
v̂K + û†I F

†
IK

ä
R̊1/2

KJ

b̂†J = R̊1/2
JK

Ä
v̂†K + FKI ûI

ä
with

R =
(
1 + F†F

)−1 R̊ =
(
1 + FF†

)−1
Mixing of creation and annihilation operators =⇒ new vacuum state:

|Ft〉 = exp
Ä
û†F†t v̂†

ä
|0〉 such as â |Ft〉 = b̂ |Ft〉 = 0
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}

=
{
v̂†J , v̂K

}
= δJK ,

{
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Effective action
In QFT, canonical approach is a nightmare (not relativistic covariant!).
How to pass to a functional description?

Two equivalent representation for the fermionic partition function

Tr e−βĤF |Uµ︸ ︷︷ ︸
canonical

= ZF =
∫
DψDψ̄ e−SF [Uµ,ψ,ψ̄]︸ ︷︷ ︸

functional

from one to the other expanding Tr on a basis (canonical coherent states).

If you do that after the Bogoliubov transformation, you get

Z =
∫
DU e−SG [U]e−S0[F ]

∫ ∏
t

î
dα†t dαtdβ†t dβt

ó
e−SQ [α,β;F ]

• S0 depends only on F → vacuum contribution, fixes the parameters via a
variational principle (difficult, because of gauge fields!);

• SQ , quasiparticle action, gives information about excitations above the
non-perturbative vacuum |F〉.
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Effective action
In QFT, canonical approach is a nightmare (not relativistic covariant!).
How to pass to a functional description?

Two equivalent representation for the fermionic partition function

Tr e−βĤF |Uµ︸ ︷︷ ︸
canonical

= ZF =
∫
DψDψ̄ e−SF [Uµ,ψ,ψ̄]︸ ︷︷ ︸

functional

from one to the other expanding Tr on a basis (canonical coherent states).

If you do that after the Bogoliubov transformation, you get
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∫ ∏
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Things done and things to do

The recent past:
X understood how a composite boson dominance hypothesis can be used to

write an effective action for mesons;
X clarified the connection with a large Nc expansion around a saddle point;
X fully tested the formalism on the ’t Hooft model (QCD2 for large Nc).

The future:
• What can we do with models at finite chemical potential?
• How to treat the gauge fields in real QCD?
• Is there a connection with perturbative nPI correlation function formalism?

(Cornwall-Jackiw-Tomboulis, 1974)

• What can we say about theories different from QCD?
(The method is general!)
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Thank you for your attention!



Backup material



Silver Blaze

Sir A. C. Doyle, “The Adventure of Silver Blaze” (1892):
a man has been killed and a race horse, Silver Blaze, is disappeared.
A watchdog was on the scene, but did not bark.
Mr. Sherlock Holmes: “How is it possible?”.

In QCD, search for the spectrum of the Dirac operator ( /D[A] + M).
When a chemical potential µ is switched on, one expects the physics to remain
the same up to µ ' mπ (pion mass, the lightest), because of Fermi-Dirac statistic.
But a non zero µ changes all the eigenvalues of the Dirac operator!
What sort of cancellations occur?

Short Novel QCD
watchdog chemical potential
do nothing do noting

Mr. Holmes: “Why?” physicist1: “How?”

1T. D. Cohen, PRL (2003)?



Other famous open problems

Strong CP
In principle, a term

Lθ = Nf g2θ

16π2 Tr Fµν F̃µν , F̃µν = 1
2εµνρσF

ρσ

must be added to QCD Lagrangian. It violates CP symmetry, but that’s not a
problem: CP is not fundamental (SM does not have it).
Experimentally, θ ' 0! Why does QCD have CP symmetry? (Peccei-Quinn, 1977)?

Gribov ambiguity
Too many d.o.f. because of gauge symmetry: to define a finite measure over
gauge fields, a gauge-fixing procedure is needed (Faddeev-Popov).
Not enough: the overcounting is not completely resolved, the gauge
configurations must be chosen inside the first Gribov region (Gribov, then Zwanziger).
What about BRST symmetry? And unitarity? (see Vandersickel-Zwanziger, 2012)



Coherent states

Basis of coherent states in original operators: |ρ, σ〉 = exp
(
−ρû† − σv̂†

)
|0〉

with ρ, σ anticommuting symbols (Grassmann).

Resolution of unity: Î =
∫

dρ†dρdσ†dσ e−ρ†ρ−σ†σ |ρ, σ〉〈ρ, σ|

In the partition function (operatorial ←→ functional representation):

ZF = TrF
∏

t
T̂t,t+1 T̂t,t+1 transfer matrix

= TrF
∏

t
Ît T̂t,t+1

= TrF
∏

t

∫ î
dρ†t dρtdσ†t dσt

ó
e−ρ

†
t ρt−σ†

t σt 〈ρt , σt |T̂t,t+1|ρt+1, σt+1〉

=
∫ ∏

t

î
dρ†t dρtdσ†t dσt

ó
e−SF [ρ,σ]

After Bogoliubov, new coherent states: |α, β;Ft〉 = exp
Ä
−αâ† − βb̂†

ä
|Ft〉



Quasiparticles in functional representation

Original lattice theory Bogoliubov=⇒ Quasiparticles theory unitarly equivalent:

Z =
∫
DU e−SG [U]e−S0[F ]

∫ ∏
t

î
dα†t dαtdβ†t dβt

ó
e−SQ [α,β;F ]

Quasiparticles action

SQ[α, β;F ] = −
∑

t

[
βtI(2,1)

t αt + α†tI
(1,2)
t β†t

+ α†t (∇t −Ht)αt+1 − βt+1(∇̊t − H̊t)β†t
]

• I(2,1), I(1,2) mixing terms;
• H, H̊ quasiparticles energies;
• ∇, ∇̊ covariant derivatives.



Vacuum contribution: variational principle

Vacuum action
S0[F ]:

• does not contains quasiparticles excitations;
• depends on the parameters F ;
• depends on the gauge fields (on lattice links) Uµ.

=⇒ it is a “vacuum contribution”.

The physical vacuum must be the state of minimal energy
=⇒ F can be fixed via a variational principle
=⇒ saddle point equations for F , F†.

But the equations depend on the gauge fields configuration!
In weak coupling, can be solved after averaging over gauge fields:

• expand to second order in Aµ,
• use 〈Aµ〉 = 0 and substitute 〈AµAν〉 with the free gluon propagator.



How to get a mesonic effective action (I)
Composite bosons dominance and projection

In canonical formalism: mesons as quasiparticles condensates

|Φt ;Ft〉 = exp
(
â†Φ†t b̂†

)
|Ft〉

Physical assumption: boson dominance =⇒ the partition function is
“well approximated” by its projection on composites subspace:

ZF = TrF
∏

t
T̂t,t+1

' TrF
∏

t
P̂t T̂t,t+1 := ZC

Projection operator:

P̂t [Ft ] =
∫ î

dΦ†t dΦt
ó

〈Φt ;Ft |Φt ;Ft〉
|Φt ;Ft〉〈Ft ; Φt |



How to get a mesonic effective action (II)
A lattice theory of mesons

After projection
ZC =

∫
DΦ†DΦ e−S0[U;F ]−SM [Φ,Φ†,U;F ]

Meson effective action
SM [Φ,Φ†,U;F ] =

∑
t

Tr
¶
log
Ä
1 + Φ†t Φt

ä
− log

(
Dt,t+1[Φ,Φ†]

)©
Dt,t+1 is a term linear and quartic in the Φ fields.

The action is still not a polynomial in Φ, Φ†!
A way out:

• choose Φ to describe colourless mesons;
• take the large Nc limit;
• average over gauge and evaluate the result on the saddle point.



How to get a mesonic effective action (III)
Colourless mesons in the large Nc limit

Structure of a colourless meson
• specialize multi-index J = (p, α, i): space, spin, colour;

• define a suitable creator operator: Γ̂†αβ(p,q) =
Nc∑
i=1

â†α,i (p)b̂†β,i (q)
√
Nc

• define suitable structure matrices: Φ†αβ;t(p,q) = INc

φ†αβ;t(p,q)
√
Nc

Quadratic mesonic action:

SM −→
Nc→∞

∑
t

trspace,
spin

{
−φt
Ä
φ†t+1 − φ

†
t
ä

+
Ä
H̊′tφtφ

†
t+1 +H′tφ

†
t+1φt

ä
+ 1

2
Ä
−2φ†t+1H̊

′
tφtH′t + φtI(1,2)

t φtI(1,2)
t + φ†tI

(2,1)
t φ†tI

(2,1)
t
ä}

To put it in an usual form of the type φ†φ, diagonalize it with respect to the
doublets (φ†, φ)!


